power series solution of differential
equation

power series solution of differential equation is a fundamental method used in
applied mathematics and engineering to find solutions to differential equations when
standard methods fail or are cumbersome. This technique involves expressing the solution
as an infinite sum of powers of the independent variable, allowing for approximation of
solutions near ordinary points. The power series method is particularly useful for linear
differential equations with variable coefficients and provides insight into the behavior of
solutions around singularities. This article explores the theoretical foundation, step-by-step
procedures, convergence criteria, and practical examples of the power series solution of
differential equation. Additionally, it discusses related concepts such as Frobenius method
and radius of convergence, which extend the applications of power series in solving
complex differential problems. Understanding these approaches enables mathematicians
and scientists to tackle a wide range of problems in physics, engineering, and other
sciences effectively.
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Introduction to Power Series Solutions

The power series solution of differential equation is a method that transforms a differential
equation into an algebraic problem by assuming the solution can be written as a power
series. This approach is particularly advantageous when dealing with linear differential
equations with variable coefficients where closed-form solutions are not readily available.
The concept dates back to the 18th and 19th centuries with contributions from
mathematicians such as Euler and Frobenius. By expanding the solution about a point,
typically an ordinary point, power series methods allow for systematic computation of
coefficients, providing approximate or exact solutions within a region of convergence. This
introduction sets the stage for understanding the mechanics and utility of power series in
solving differential equations.

Definition of Power Series Solution

A power series solution expresses the unknown function y(x) as an infinite sum of terms



involving powers of (x - x_0), where x_0 is the point around which the series is expanded.
Formally, it is written as:

y(x) = X (from n=0 to ») a_n (x - x_0)"~n, where a_n are coefficients to be determined.

This representation transforms the differential equation into a recurrence relation for the
coefficients a_n, which can be solved iteratively.

Importance in Differential Equations

The power series solution technique is crucial for differential equations that do not have
solutions expressible in terms of elementary functions. It allows for local analysis near
ordinary points and provides a framework to approximate solutions with arbitrary precision.
This method is widely used in physics, engineering, and applied mathematics, especially
when dealing with problems in quantum mechanics, heat transfer, and wave equations.

Formulating the Power Series Solution

To formulate the power series solution of differential equation, one typically assumes a
solution in the form of a power series and substitutes it into the given differential equation.
The process involves calculating derivatives of the power series, aligning terms by powers
of the independent variable, and equating coefficients to establish a system of equations
for the unknown coefficients.

Step-by-Step Procedure

The standard procedure to find the power series solution involves several key steps:

1. Identify the differential equation and the point x_0 about which the solution is to be
expanded.

2. Assume a solution y(x) = ¥ a_n (x - x_0)"n with unknown coefficients a_n.

3. Compute the derivatives y', y", etc., as required by the differential equation.

4. Substitute y, y', y", and so forth into the differential equation.

5. Align terms by powers of (x - x_0) and set the coefficient of each power equal to zero.

6. Solve the resulting recurrence relations to find expressions for a_n in terms of a_0,
a_1, or other initial coefficients.

7. Express the solution as a power series with the determined coefficients.



Example: Second-Order Linear Differential Equation

Consider the second-order differential equation:
(X-Xx0)"2y"+(x-x0)y' +y=0.

Assumingy = Z a_n (x - x_0)"n, substitution and equating coefficients leads to a
recurrence relation for a_n. This relation allows calculation of coefficients sequentially,
constructing the power series solution around x_0.

Convergence and Radius of Convergence

Understanding the convergence properties of the power series solution of differential
equation is critical to ensure the solution is valid within a certain interval. The radius of
convergence determines the domain around the expansion point where the power series
converges to the actual solution.

Radius of Convergence

The radius of convergence is the distance from the center point x_0 to the nearest
singularity of the differential equation’s coefficients. Within this radius, the power series
converges absolutely and uniformly, providing a valid solution. Outside this radius, the
series may diverge or fail to represent the true solution.

Tests for Convergence

Several tests help determine the radius of convergence and verify series convergence:

e Ratio Test: Examines the limit of |a_(n+1)/a_n| as n approaches infinity.
e Root Test: Uses the nth root of |a_n| to evaluate convergence.

¢ Analytic Continuation: Extends the domain of the solution beyond the radius
through other methods.

Applications and Examples

The power series solution of differential equation finds wide application in solving classical
and modern problems where exact solutions are difficult or impossible to obtain by
elementary methods. It is particularly effective for equations with variable coefficients and
near singular points.



Application in Physics and Engineering
Many physical phenomena are modeled by differential equations whose solutions can be

approximated using power series:

e Quantum Mechanics: Solving the Schrodinger equation for potential wells and
barriers.

* Heat Transfer: Analyzing temperature distribution with variable conductivity.
e Vibrations and Waves: Studying oscillations with spatially varying properties.

e Electrical Circuits: Modeling circuits with time-dependent components.

Worked Example: Airy’s Equation

Airy’s differential equation, y" - x y = 0, lacks elementary closed-form solutions but can be
solved using power series. Assuming a solution y = £ a_n x”™n and substituting into the
equation yields a recurrence relation for coefficients a_n, enabling construction of the Airy
functions Ai(x) and Bi(x) as power series.

Extensions: Frobenius Method

The Frobenius method extends the power series solution to differential equations with
regular singular points. It involves a generalized power series with terms that include
fractional powers or logarithmic factors, enabling solutions at points where ordinary power
series methods fail.

Regular Singular Points and Frobenius Series

A regular singular point is a point where the differential equation’s coefficients have
singularities but satisfy specific growth conditions. The Frobenius method assumes
solutions of the form:

y(x) =(x-x0)"rZ2b_n(x-x_0)~n, whereris determined by the indicial equation.

This approach allows determination of the exponent r and coefficients b_n, yielding
solutions that accommodate the singular behavior at x_0.

Procedure for Frobenius Method

The key steps include:

1. Rewrite the differential equation in standard form around the singular point x_0.



2. Determine the indicial equation by substituting the Frobenius series and equating the
lowest power terms.

3. Solve the indicial equation for r.
4. Find recurrence relations for coefficients b_n based on the chosenr.

5. Construct one or two linearly independent solutions depending on the roots of the
indicial equation.

Frequently Asked Questions

What is a power series solution of a differential
equation?
A power series solution of a differential equation is a solution expressed as an infinite sum

of powers of the independent variable, typically in the formy = 2 a n (x - x_0)"n, where
the coefficients a_n are determined so that the series satisfies the differential equation.

When is it appropriate to use power series methods to
solve differential equations?

Power series methods are appropriate when the differential equation has variable
coefficients that are analytic around a point, especially near ordinary or regular singular
points where standard methods like characteristic equations fail.

How do you find the recurrence relation for coefficients
in a power series solution?

To find the recurrence relation, substitute the power series expression of the solution into
the differential equation, align terms with the same powers of the variable, and set the
coefficient of each power to zero. This yields equations relating coefficients a_n to previous
coefficients.

What is the radius of convergence in the context of
power series solutions?

The radius of convergence is the distance from the center point x_0 within which the power
series solution converges. It is determined by the nearest singularity of the differential
equation's coefficients from x_0.

How do regular singular points affect the power series



solution of a differential equation?

At a regular singular point, the solution can often be expressed as a Frobenius series, which
is a generalized power series that may include terms like (x - x_0)"r where r is not
necessarily an integer, allowing solutions even when ordinary power series fail.

Can power series solutions be used for nonlinear
differential equations?

Yes, power series solutions can be applied to some nonlinear differential equations by
expanding the solution in a power series and determining the coefficients, although the
process is generally more complex and may require iterative or perturbative methods.

What are the advantages of using power series
solutions compared to numerical methods?

Power series solutions provide analytic expressions that can offer insight into the behavior
of solutions near a point, allow for easy computation of derivatives, and can be used to
derive approximate solutions with controllable accuracy, unlike numerical methods which
provide discrete approximations.

Additional Resources

1. Power Series Solutions of Differential Equations

This book offers a comprehensive introduction to solving differential equations using power
series methods. It covers the theory behind power series expansions and provides
numerous examples and exercises to illustrate the approach. The text balances rigorous
mathematical foundations with practical solution techniques, making it suitable for both
students and researchers.

2. Ordinary Differential Equations and Power Series Methods

Focused on ordinary differential equations, this book delves into power series solutions as a
primary technique. It explores the convergence of series solutions and applies these
methods to classical equations in physics and engineering. Detailed step-by-step
explanations help readers master the manipulation and application of power series.

3. Advanced Differential Equations: Power Series and Special Functions

This book bridges the gap between differential equations and special functions,
emphasizing power series solutions. It covers topics such as Frobenius method, Bessel
functions, and Legendre polynomials derived from series techniques. The text is aimed at
advanced undergraduates and graduate students in applied mathematics and engineering.

4. Power Series and Their Applications in Differential Equations

Providing a focused treatment on power series, this book explores their use in solving linear
and nonlinear differential equations. It includes practical algorithms for series expansion
and convergence criteria. Numerous real-world applications demonstrate the utility of
power series solutions across scientific disciplines.



5. Introduction to Power Series Solutions of Differential Equations

Designed for beginners, this book introduces the fundamental concepts behind power
series solutions. It explains how to represent functions as power series and use these
expansions to solve differential equations near ordinary and singular points. The clear
exposition is supplemented by worked examples and illustrative problems.

6. Methods of Solving Differential Equations: Power Series Approach

This text emphasizes various methods of solving differential equations with a special focus
on power series techniques. It presents both classical and modern perspectives on series
solutions, including the Frobenius method and asymptotic expansions. The book is valuable
for students seeking to understand the diverse toolkit of differential equation solving
methods.

7. Series Solutions of Linear Differential Equations

Concentrating on linear differential equations, this book details the theory and practice of
series solutions. It discusses the classification of singular points and the construction of
solutions around these points using power series. The systematic approach aids readers in
mastering both the conceptual and computational aspects.

8. Power Series and Special Functions in Applied Mathematics

This work integrates the study of power series solutions with the theory of special functions
arising from differential equations. It covers classical functions like hypergeometric
functions, Legendre polynomials, and Hermite polynomials. The book is particularly useful
for applied mathematicians and physicists interested in analytical solution methods.

9. Analytical Techniques for Differential Equations: Power Series and Beyond

Offering a broad perspective, this book includes power series solutions as part of a wider
range of analytical methods for differential equations. It discusses convergence issues,
series transformations, and extensions to partial differential equations. The text is suitable
for advanced students and researchers seeking a deeper understanding of series-based
techniques.
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