primer of mapping class groups

primer of mapping class groups provides an essential introduction to one of the central objects in
geometric topology and algebraic geometry. This fundamental concept plays a pivotal role in
understanding the symmetries of surfaces and their moduli spaces. The primer covers the definition,
basic properties, and significant applications of mapping class groups, offering a comprehensive
overview suitable for both beginners and advanced scholars. Key topics include the algebraic
structure of these groups, their connections to Teichmiller theory, and their implications in low-
dimensional topology. This article also explores notable results and classical theorems that shape the
study of mapping class groups. The discussion naturally progresses into a structured examination of
the subject, beginning with foundational definitions, moving through algebraic and geometric aspects,
and culminating in advanced applications. The following sections outline the key themes covered in
this primer of mapping class groups.

 Definition and Basic Properties of Mapping Class Groups
¢ Algebraic Structure and Generators

e Connections to Teichmiller Theory

e Applications in Topology and Geometry

e Classical Theorems and Recent Developments

Definition and Basic Properties of Mapping Class
Groups

The mapping class group of a surface is a fundamental concept in topology that encodes the
symmetries of the surface up to isotopy. Formally, for a closed, oriented surface \( S\), the mapping
class group, often denoted as \( \text{Mod}(S) \) or \( \Gamma(S) \), is defined as the group of isotopy
classes of orientation-preserving homeomorphisms of \( S'\). This means each element represents an
equivalence class of homeomorphisms where two homeomorphisms are considered the same if one
can be continuously deformed into the other without cutting or gluing the surface.

Mapping class groups capture the global symmetries and play a crucial role in understanding the
moduli space of Riemann surfaces. They also serve as a bridge between geometric topology,
algebraic geometry, and group theory. Key properties include being finitely generated and often
having rich algebraic structures that reflect the topology of the underlying surface.

Surfaces and Isotopies

Surfaces considered in the study of mapping class groups are typically compact, connected, and
oriented. They can have boundary components or punctures, and these features affect the structure
of the mapping class group. Isotopies are continuous deformations through homeomorphisms, which



ensure the classification focuses on the essential symmetries rather than arbitrary deformations.

Notation and Examples

The notation \( \text{Mod}(S_{g,n})\) is commonly used to denote the mapping class group of a
surface of genus \( g \) with \( n'\) boundary components or punctures. For example, \(
\text{Mod}(S {0,3})\) corresponds to the mapping class group of a sphere with three punctures,
which is isomorphic to the braid group on three strands modulo its center.

Algebraic Structure and Generators

Understanding the algebraic structure of mapping class groups is essential for studying their
properties and applications. These groups are finitely generated and often admit finite presentations.
A key result in this area is that the mapping class group can be generated by a finite set of Dehn
twists, which are specific homeomorphisms associated with simple closed curves on the surface.

Dehn Twists

Dehn twists are elementary building blocks of the mapping class group. Given a simple closed curve
on the surface, a Dehn twist cuts the surface along the curve, twists one side by 360 degrees, and
then reglues. Such twists generate the entire mapping class group for surfaces of genus at least one,
making them fundamental to the algebraic understanding of these groups.

Finite Presentations

Mapping class groups admit finite presentations involving generators and relations. The classical
presentations, such as those developed by Dehn, Lickorish, and Humphries, provide explicit
generators and relations. For instance, Humphries showed that a minimal generating set for \(
\text{Mod}(S_g) \) consists of \( 2g + 1) Dehn twists. These presentations allow for computational
and theoretical analysis of the group's structure.

Group Properties

Mapping class groups exhibit rich algebraic properties, including:

e Being residually finite, meaning every nontrivial element can be detected in some finite
quotient.

¢ Having torsion elements corresponding to periodic homeomorphisms of surfaces.

e Containing important subgroups such as the Torelli group, which acts trivially on homology.



Connections to Teichmuller Theory

Teichmuller theory studies the space of complex structures on a surface, known as Teichmdller space.
The mapping class group acts naturally on this space by changing the markings of surfaces, and this
action is fundamental to understanding both the geometry of Teichmuller space and the structure of
moduli spaces.

Teichmiuller Space and Moduli Space

Teichmuller space \( \mathcal{T}(S) \) is the space of marked conformal structures on a surface \( S
\), up to isotopy. It is contractible and carries a natural complex structure. The moduli space \(
\mathcal{M}(S) \) is obtained as the quotient of \( \mathcal{T}(S) \) by the mapping class group
action, representing unmarked complex structures. This quotient is an orbifold that encodes the
geometry of Riemann surfaces.

Action of the Mapping Class Group

The mapping class group acts properly discontinuously on Teichmuller space by changing the marking
of surfaces. This action is central to the study of moduli spaces and yields deep insights into
geometric structures on surfaces. The dynamics of this action are also a rich area of research, with
connections to ergodic theory and geometric group theory.

Applications in Complex Analysis and Geometry

The interplay between mapping class groups and Teichmdller theory facilitates progress in complex
analysis, algebraic geometry, and hyperbolic geometry. For instance, it helps describe the
deformation spaces of hyperbolic structures and provides tools for understanding the geometry of
moduli spaces and mapping class group orbits.

Applications in Topology and Geometry

Mapping class groups have widespread applications across various fields in mathematics, particularly
in low-dimensional topology and geometric structures. Their study yields insights into 3-manifold
theory, knot theory, and symplectic geometry.

3-Manifold Theory

Mapping class groups appear naturally in the theory of 3-manifolds through Heegaard splittings. A 3-
manifold can be decomposed into two handlebodies glued along a surface, and the gluing map, an
element of the mapping class group, determines the manifold's topology. Thus, understanding
mapping class groups aids in classifying 3-manifolds.



Knot Theory and Braids

The braid group is closely related to the mapping class group of a punctured disk. This connection
enables the application of mapping class group techniques to knot theory, particularly in studying
braid representations of knots and links and their invariants.

Symplectic and Algebraic Geometry

Mapping class groups also arise in symplectic geometry as groups of symplectomorphisms up to
isotopy, reflecting symmetries of symplectic manifolds. In algebraic geometry, they relate to
monodromy representations and moduli problems, linking topological and algebraic perspectives.

Classical Theorems and Recent Developments

The study of mapping class groups has a rich history with many classical results that form the
foundation of modern research. Additionally, recent developments have expanded understanding and
unveiled new connections to other mathematical areas.

Classical Results

Important classical theorems include:

1. Dehn-Nielsen-Baer Theorem: Establishes an isomorphism between the mapping class group
and the outer automorphism group of the surface's fundamental group.

2. Lickorish Generators Theorem: Demonstrates that a finite set of Dehn twists generates the
entire mapping class group.

3. Birman Exact Sequence: Describes the relationship between mapping class groups of
surfaces with different numbers of punctures.

Recent Advances

Recent research has focused on:

e Understanding the geometry and dynamics of mapping class group actions on various spaces.

e Exploring connections with geometric group theory, including properties like hyperbolicity and
CAT(0) structures.

e Investigating the structure and cohomology of subgroups such as the Torelli group and Johnson
kernel.

¢ Applications to string theory, quantum topology, and categorification.



Open Questions

Despite significant progress, many open problems remain, such as classifying all possible finite
subgroups, understanding the full structure of certain subgroups, and exploring the mapping class
group's role in higher-dimensional analogues.

Frequently Asked Questions

What is a mapping class group in topology?

A mapping class group of a surface is the group of isotopy classes of orientation-preserving self-
homeomorphisms of that surface. It encodes symmetries of the surface up to continuous deformation.

Why is a primer on mapping class groups important for
mathematicians?

A primer on mapping class groups provides foundational knowledge about these groups, which are
central in low-dimensional topology, geometric group theory, and algebraic geometry. It helps
researchers understand surface symmetries, moduli spaces, and related structures.

What are some key topics covered in a primer of mapping
class groups?

Key topics include the definition of mapping class groups, Dehn twists, the Nielsen-Thurston
classification of surface homeomorphisms, the action on Teichmduller space, and connections to braid
groups and moduli spaces.

How does the Nielsen-Thurston classification relate to
mapping class groups?
The Nielsen-Thurston classification categorizes elements of the mapping class group into three types:

periodic, reducible, and pseudo-Anosov. This classification is fundamental for understanding the
dynamics and algebraic properties of mapping classes.

What are some modern applications of the theory of mapping
class groups?

Mapping class groups appear in various areas such as the study of 3-manifolds, string theory,
Teichmuller theory, and quantum topology. They are also used in understanding moduli spaces of
Riemann surfaces and have connections to combinatorial group theory.



Additional Resources

1. A Primer on Mapping Class Groups by Benson Farb and Dan Margalit

This book serves as an accessible introduction to the theory of mapping class groups, which are
central objects in geometric topology and low-dimensional geometry. It covers foundational concepts
such as Dehn twists, curve complexes, and Nielsen-Thurston classification. The text balances rigorous
proofs with intuitive explanations, making it suitable for graduate students and researchers new to
the field.

2. Mapping Class Groups and Moduli Spaces of Riemann Surfaces edited by Benson Farb

This collection of survey articles explores the interplay between mapping class groups and moduli
spaces of Riemann surfaces. It includes contributions from leading experts discussing topics such as
Teichmuller theory, automorphisms of surfaces, and applications to algebraic geometry. The volume
is ideal for those interested in the geometric and algebraic aspects of mapping class groups.

3. Introduction to Teichmdller Spaces by Y. Imayoshi and M. Taniguchi

Though primarily focused on Teichmdller theory, this book provides essential background on mapping
class groups through their action on Teichmuller spaces. It offers detailed treatments of hyperbolic
geometry, quasiconformal mappings, and the structure of moduli spaces. The text is well-suited for
readers seeking a geometric perspective on mapping class groups.

4. Automorphisms of Surfaces after Nielsen and Thurston by Andrew J. Casson and Steven A. Bleiler
This classic text delves into the Nielsen-Thurston classification of surface automorphisms, a
cornerstone in the study of mapping class groups. It explains the classification into periodic,
reducible, and pseudo-Anosov types, providing proofs and examples. The book is a valuable resource
for understanding the dynamical aspects of mapping class groups.

5. Geometric Group Theory edited by Cornelia Drutu and Michael Kapovich

While covering a broad range of topics in geometric group theory, this volume includes important
chapters on mapping class groups and their geometric properties. It discusses curve complexes,
hyperbolicity, and rigidity phenomena associated with mapping class groups. The book is suitable for
readers interested in the broader context of mapping class groups within geometric group theory.

6. Surface Homeomorphisms and Their Mapping Class Groups by Joan S. Birman

Joan Birman’'s work provides a comprehensive study of surface homeomorphisms and the resulting
mapping class groups. It covers braid groups, Dehn twists, and the algebraic structure of mapping
class groups. This foundational text is often recommended for those beginning research in the
topology of surfaces.

7. Combinatorial Group Theory and Topology edited by S.M. Gersten and J.R. Stallings

This collection includes influential papers and surveys related to the algebraic and topological aspects
of mapping class groups. Topics such as presentations of groups, complexes of curves, and
applications to 3-manifolds are treated. It is an excellent resource for understanding the combinatorial
side of mapping class groups.

8. Train Tracks and Surface Homeomorphisms by R.C. Penner and J.L. Harer

Focusing on train track techniques, this book provides powerful tools for studying mapping class
groups and surface automorphisms. It explores the combinatorial and geometric methods that
illuminate the structure of mapping class groups, especially in the context of pseudo-Anosov
homeomorphisms. The text is both comprehensive and technical, suitable for advanced readers.



9. Hyperbolic Geometry and Mapping Class Groups by Lee Mosher

This monograph explores the rich connections between hyperbolic geometry and mapping class
groups, emphasizing the geometric structures that arise from surface group actions. It discusses
hyperbolic 3-manifolds, curve complexes, and the geometry of the Teichmuller space. The book is
valuable for those interested in the geometric and dynamical aspects of mapping class groups.
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